
http://www.elsevier.com/locate/jat

Journal of Approximation Theory 123 (2003) 173–187

Convergence of Hermite–Fejér type interpolation
of higher order on an arbitrary system of nodes$

Ying Guang Shi�

Department of Mathematics, Hunan Normal University, Changsha, Hunan 410081, China

Received 17 January 2002; accepted in revised form 23 April 2003

Communicated by József Szabados

Abstract

A criterion of convergence for general Hermite–Fejér type interpolation of higher order on

an arbitrary system of nodes is given.

r 2003 Elsevier Science (USA). All rights reserved.

1. Introduction

Let N1 :¼ f1; 3; 5;yg and N2 :¼ f2; 4; 6;yg: Let nANðnX2Þ; mknAN ðk ¼
1; 2;y; n; n ¼ 2; 3;yÞ; and

x0n :¼ 1Xx1n4x2n4?4xnnXxnþ1;n :¼ �1; n ¼ 2; 3;y : ð1:1Þ

In what follows we shall often omit the superfluous notations, i.e., mkn; xkn;ywill be

denoted by mk; xk;y; etc. Throughout this paper let N :¼ Nn :¼
Pn

k¼1 mkn � 1 and
m :¼ max1pkpn; nX2 mknoþN: Denote by PN the set of polynomials of degree at

most N and by Ajk the fundamental polynomials for Hermite interpolation, i.e.,

AjkAPN satisfy

A
ðpÞ
jk ðxqÞ ¼ djpdkq; p ¼ 0; 1;y;mq � 1; j ¼ 0; 1;y;mk � 1;

q; k ¼ 1; 2;y; n: ð1:2Þ
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The Hermite–Fejér type interpolation for fAC½�1; 1
 is given by

Hnmð f ; xÞ ¼
Xn

k¼1
f ðxkÞA0kðxÞ: ð1:3Þ

In [5] the author established a criterion of convergence for Hermite–Fejér type
interpolation of higher order on an arbitrary system of nodes as follows (jj � jj stands
for the uniform norm on ½�1; 1
 and fiðxÞ :¼ xi; i ¼ 1; 2;y).

Theorem A (Shi [5, Theorem 4.2]). Let mkn 
 mAN2: Then

lim
n-N

jjHnmð f Þ � f jj ¼ 0 ð1:4Þ

holds for all fAC½�1; 1
 if and only if

jjHnmjj :¼
Xn

k¼1
jA0kj

�����
�����

�����
����� ¼ Jð1Þ ð1:5Þ

is true and (1.4) holds for the two monomials f ¼ fi; i ¼ 1; 2:

The main aim of this paper is to establish a criterion of convergence for general
Hermite–Fejér type interpolation of higher order on an arbitrary system of nodes,
replacing the assumption that mkn 
 mAN2 by the assumption that all mknAN2:That
is the following

Theorem. Let all mknAN2: Then relation (1.4) holds for all fAC½�1; 1
 if and only if

relation (1.5) is true and (1.4) holds for the two monomials f ¼ fi; i ¼ 1; 2:

This extension is not trivial. To prove the theorem we have to prove a series of
auxillary lemmas, which are of independent interest and put in the next section. Then
we give the proof of the theorem in the last section.

2. Auxiliary lemmas

First we state some known results needed later.

Lemma A (Borwein and Erdélyi [1, p. 235]). Let PAPn: Then

jPð yÞjpjTnð yÞj jjPjj ¼ 1
2
f½ y þ ð y2 � 1Þ1=2
n þ ½ y � ð y2 � 1Þ1=2
ngjjPjj;

jyj41; ð2:1Þ

where Tn stands for the nth Chebyshev polynomial of the first kind.
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Lemma B (Shi [5, Lemma 4.1]). Let PkAPn; k ¼ 1; 2;y;M; and 1Xy14y24
?4yMX� 1: If

XM
k¼1

jðx � ykÞPkðxÞj
�����

�����
�����

����� ¼ mn

and

XM
k¼1

jPkð yjÞjpnn; j ¼ 1; 2;y;M;

then

XM
k¼1

jPkj
�����

�����
�����

�����p2ðn2mn þ nnÞ:

In particular, if M ¼ 1 and P1ð y1Þ ¼ 0; jy1jo1; then

jjP1jjp
4nmn

ð1� y21Þ
1=2:

Lemma C (Shi [5, Theorem 2.1]). If for a fixed n; mk � j is odd and joipmk � 1 then

jAikðxÞjp
j!

i!
d

i�j
k jAjkðxÞj; xA½�1; 1
; 1pkpn; ð2:2Þ

where dk :¼ maxfjxk � xk�1j; jxk � xkþ1jg; k ¼ 1; 2;y; n:

Lemma 1. Let all mknAN2: If

jjHnmjj ¼ mn; ð2:3Þ

then

Xn

k¼1
jA1kj

�����
�����

�����
�����p8m2n2mn: ð2:4Þ

Proof. By the same argument as that of [5, Theorem 2.3] we can getXn

k¼1
ðx � xkÞA1kðxÞ ¼

Xn

k¼1
jðx � xkÞA1kðxÞjp

Xn

k¼1
ðx � xkÞ2A0kðxÞ; xAR:

ð2:5Þ

Hence by (2.3) we obtainXn

k¼1
ðx � xkÞA1kðxÞp4mn;

which according to Lemma B gives (2.4) (by degAikonm). &
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Lemma 2. Let A�
jk be the fundamental polynomials for Hermite interpolation based on

the system of nodes

x�
kn ¼ axkn; 0oao1; k ¼ 1; 2;y; n; n ¼ 2; 3;y: ð2:6Þ

Then with the notations x ¼ cos y and x� ¼ cos y�

y�kn ¼ arccosða cos yknÞ; k ¼ 1; 2;y; n; ð2:7Þ

A�
jkðxÞ ¼ a jAjkðx=aÞ; k ¼ 1; 2;y; n; j ¼ 0; 1;y;mk � 1; ð2:8Þ

max
jxjp1

jA�
jkðxÞj ¼ a j max

jxjp1=a
jAjkðxÞj; k ¼ 1; 2;y; n; j ¼ 0; 1;y;mk � 1; ð2:9Þ

and

jjH�
nmjj :¼

Xn

k¼1
jA�
0kj

�����
�����

�����
�����p½a�1 þ ða�2 � 1Þ1=2
njjHnmjj: ð2:10Þ

Proof. Relations (2.7)–(2.9) may be obtained directly from the definition. Now let us
prove (2.10). Assume thatXn

k¼1
jA0kð yÞj ¼ max

jxjp1=a

Xn

k¼1
jA0kðxÞj; jyjp1=a:

This relation, together with (2.8), yields

jjH�
nmjj ¼ maxjxjp1

Xn

k¼1
jA�
0kðxÞj ¼ maxjxjp1

Xn

k¼1
jA0kðx=aÞj

¼ max
jxjp1=a

Xn

k¼1
jA0kðxÞj ¼

Xn

k¼1
jA0kð yÞj: ð2:11Þ

If jyjp1 then by (2.11) we have that

jjH�
nmjj ¼

Xn

k¼1
jA0kð yÞjpjjHnmjj;

if jyj41 then by (2.11) and (2.1) we have that

jjH�
nmjj ¼

Xn

k¼1
jA0kð yÞj ¼

Xn

k¼1
½sgnA0kð yÞ
A0kð yÞ

p
1

2
f½ y þ ð y2 � 1Þ1=2
n þ ½ y � ð y2 � 1Þ1=2
ng

Xn

k¼1
½sgnA0kð yÞ
A0k

�����
�����

�����
�����

p ½jyj þ ð y2 � 1Þ1=2
njjHnmjj

p ½a�1 þ ða�2 � 1Þ1=2
njjHnmjj: &
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In the sequel c; c0;ywill stand for positive constants depending only on m; unless
otherwise indicated; their values may be different at different occurrences, even in
subsequent formulas; in addition, cr; cr

0
X1 will stand for positive constants

depending only on r and increasing with respect to r; their values may also be
different at different occurrences, even in subsequent formulas.

Lemma 3. Let rAN; p40; and

f ðyÞ ¼ ðsin pyÞr: ð2:12Þ
Then,

jf ð jÞðyÞjpcjðrpÞ jj sin pyjr�j; 0pjpr: ð2:13Þ

Proof (By induction). Relation (2.13) with j ¼ 0 is trivial. Suppose now, as an
induction hypothesis, that relation (2.13) holds for all j; jpqor: Differentiating
(2.12) yields

f 0ðyÞ ¼ rpðsin pyÞr�1cos py

and then differentiating the above relation q times gives (using the induction
hypothesis)

jf ðqþ1ÞðyÞj ¼ rp
Xq

j¼0

q

j

 !
½ðsin pyÞr�1
ð jÞðcos pyÞðq�jÞ

�����
�����

p rp
Xq

j¼0

q

j

 !
cj ½ðr � 1Þp
 jj sin pyjr�1�j

pq�j

p cqðrpÞqþ1j sin pyjr�1�q
Xq

j¼0

q

j

 !

¼ cqðrpÞqþ1j sin pyjr�1�q2q

¼ cqþ1ðrpÞqþ1j sin pyjr�ðqþ1Þ;

which shows that relation (2.13) is true for j ¼ q þ 1: By induction this proves
(2.13). &

Lemma 4. Let rAN; p40; and

gðyÞ :¼ sinðpy=2Þ
sinðy=2Þ

� �r

: ð2:14Þ

Then

jgð jÞðyÞjpcjðrpÞ jj sinðy=2Þj�r�j; ya0; 0pjpr: ð2:15Þ

Proof (By induction). Relation (2.14) implies

jgðyÞjpj sinðy=2Þj�r;
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which implies that relation (2.15) is true for j ¼ 0: Suppose now, as an induction
hypothesis, that relation (2.15) is true for all j; jpqor: Rewrite (2.14) as

gðyÞ½sinðy=2Þ
r ¼ ½sinðpy=2Þ
r:

Differentiating this relation ðq þ 1Þ times and then using (2.13) (replacing cj by cj
0 in

it) and the induction hypothesis, we get

jgðqþ1ÞðyÞ½sinðy=2Þ
rj

¼ ½sinðpy=2Þ
r
ðqþ1Þ �
Xq

j¼0

q þ 1
j

 !
gð jÞðyÞ½sinðy=2Þ
r
ðqþ1�jÞ

�����
�����

pcqþ1
0ðrp=2Þqþ1jsinðpy=2Þjr�q�1

þ
Xq

j¼0

q þ 1
j

 !
cjðrpÞ j j sinðy=2Þj�r�j

cqþ1�j
0ðr=2Þqþ1�jj sinðy=2Þjr�ðqþ1�jÞ

pcqþ1
0ðrpÞqþ1 þ cqcqþ1

0ðrpÞqþ1jsinðy=2Þj�q�1 Xq

j¼0

q þ 1
j

 !

pcqþ1ðrpÞqþ1j sinðy=2Þj�q�1 Xqþ1
j¼0

q þ 1
j

 !

pcqþ1ðrpÞqþ1j sinðy=2Þj�q�1:

Then

jgðqþ1ÞðyÞjpcqþ1ðrpÞqþ1j sinðy=2Þj�r�ðqþ1Þ;

which shows that relation (2.15) is true for j ¼ q þ 1: By induction this proves
(2.15). &

Lemma 5. Let cAPn and

fðyÞ ¼ cðcos yÞ; 0pypp: ð2:16Þ

Then,

jcð jÞðcos yÞjp
cj

ðsin yÞ j2

Xj

n¼1
jfðnÞðyÞj ðsin ya0Þ; jX1: ð2:17Þ

Proof. First let us prove that

fð jÞðyÞ ¼
Xj

n¼1
cnjðyÞcðnÞðcos yÞ; jX1; ð2:18Þ

where cnjðyÞ is a trigonometric polynomial of degree n and

cjjðyÞ ¼ ð�sin yÞ j; jcnjðyÞjpj!; n ¼ 1; 2;y; j: ð2:19Þ

ARTICLE IN PRESS
Y. Guang Shi / Journal of Approximation Theory 123 (2003) 173–187178



We use induction. It is easy to see that relations (2.18) and (2.19) hold for j ¼ 1:
Suppose now, as an induction hypothesis, that relations (2.18) and (2.19) are true for
all j; 1pjpq: By differentiation of (2.18) with j ¼ q we obtain

fðqþ1ÞðyÞ ¼
Xq

n¼1
½cnq

0ðyÞcðnÞðcos yÞ � cnqðyÞcðnþ1Þðcos yÞ sin y


¼
Xqþ1
n¼1

½cnq
0ðyÞ � cn�1;qðyÞ sin y
cðnÞðcos yÞ

¼
Xqþ1
n¼1

cn;qþ1ðyÞcðnÞðcos yÞ;

where c0;qðyÞ ¼ cqþ1;qðyÞ ¼ 0 and

cn;qþ1ðyÞ ¼ cnq
0ðyÞ � cn�1;qðyÞ sin y: ð2:20Þ

Hence by (2.19) cqþ1;qþ1ðyÞ ¼ �cqqðyÞ sin y ¼ ð�sin yÞqþ1 and jjcqþ1;qþ1jjp1 (here
jj � jj stads for the uniform norm on ½0; 2p
); by Bernstein inequality it follows from
(2.20) that jjcnq

0jjpnjjcnqjj and hence

jjcn;qþ1jjpnjjcnqjj þ jjcn�1;qjjpðnþ 1Þq!pðq þ 1Þ!; 1pnpq:

This shows that relations (2.18) and (2.19) are true for j ¼ q þ 1: By induction this
proves (2.18) and (2.19).
For the proof of (2.17) we again use induction. It is easy to see that relation (2.17)

is true for j ¼ 1: Suppose now, as an induction hypothesis, that relation (2.17) is true
for all j; 1pjpq: It follows from (2.18), (2.19), and the induction hypothesis that

jcðqþ1Þðcos yÞjp 1

ðsin yÞqþ1 jfðqþ1ÞðyÞj þ ðq þ 1Þ!
Xq

j¼1
jcð jÞðcos yÞj

" #

p
1

ðsin yÞqþ1 jfðqþ1ÞðyÞj þ ðq þ 1Þ!
Xq

j¼1

cj

ðsin yÞ j2

Xj

n¼1
jfðnÞðyÞj

" #

p
1

ðsin yÞqþ1 jfðqþ1ÞðyÞj þ
ðq þ 1Þ!cq

ðsin yÞq2

Xq

j¼1

Xj

n¼1
jfðnÞðyÞj

" #

p
1

ðsin yÞqþ1 jfðqþ1ÞðyÞj þ
qðq þ 1Þ!cq

ðsin yÞq2

Xq

j¼1
jfð jÞðyÞj

" #

p
cqþ1

ðsin yÞðqþ1Þ
2

Xqþ1
j¼1

jfð jÞðyÞj:

This shows that relation (2.17) is true for j ¼ q þ 1 and by induction proves
(2.17). &
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Lemma 6. Let 0py; tpp; g be defined by (2.14), and

fðyÞ ¼ p�r½gðyþ tÞ þ gðy� tÞ
: ð2:21Þ

Let c be defined by (2.16). Then

jcð jÞðcos yÞjp
cjðrpÞ j

prðsin yÞ j2
3p

y� t

����
����
rþj

; 0oyop; yat; 0pjpr: ð2:22Þ

Proof. Suppose without loss of generality that 0oypp=2: By (2.21) and (2.15)

jfð jÞðyÞjpcjðrpÞ j

pr

1

j sin½ðyþ tÞ=2
jrþj þ
1

j sin½ðy� tÞ=2
jrþj


 �
: ð2:23Þ

Since 0oypp=2; we have 0oðyþ tÞ=2p3p=4 and hence

sin
yþ t
2

X

2
pð

yþt
2
Þ ¼ yþt

p ; yþt
2
pp
2
;

2�1=2X2�1=22pð
yþt
2
ÞXyþt

2p ;
p
2
oyþt

2
p3p

4
:

(
ð2:24Þ

This implies

sin
yþ t
2

X
yþ t
2p

; 0o
yþ t
2

p
3p
4
: ð2:25Þ

Of course, we have

sin
y� t
2

����
����X y� t

p

����
����:

Substituting the above inequalities into (2.23), we obtain

jfð jÞðyÞjp cjðrpÞ j

pr

2p
yþ t

����
����
rþj

þ p
y� t

��� ���rþj

( )

p
cjðrpÞ j

pr

3p
y� t

����
����
rþj

; jX0: ð2:26Þ

Inserting estimation (2.26) into (2.17), we have

jcð jÞðcos yÞjp
cj

ðsin yÞ j2

Xj

n¼1
jfðnÞðyÞj

p
cj

ðsin yÞ j2

Xj

n¼1

cnðrpÞn

pr

3p
y� t

����
����
rþn

p
cjðrpÞ j

prðsin yÞ j2
3p

y� t

����
����
rþj

: &

Lemma 7. Let all mknAN1 or all mknAN2: If

jjHnmjj ¼ mn; ð2:27Þ
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then

ykþ1;n � yk;np
c lnðnmnÞ

n
; k ¼ 0; 1;y; n; n ¼ 2; 3;y : ð2:28Þ

Proof. The proof follows the line given by Erd +os and Turán [3, p. 718] and [2,4]. Let

nXlnðnm2þ4mnÞ þ 2; ð2:29Þ

rAN2; and pAN1ðpX3Þ such that

1

2
rðp � 1Þpn � 1: ð2:30Þ

Suppose that

max
0pkpn

ðykþ1;n � yk;nÞ ¼ yiþ1;n � yi;n :¼ 2dn; t :¼ 1
2
ðyiþ1;n þ yi;nÞ;

x :¼ cos t: ð2:31Þ

Let f and c be defined by (2.21) and (2.16), respectively. Observing that cð�ÞAPn�1;
we see

fðyÞ ¼ cðcos yÞ ¼ cðxÞ ¼
Xn

k¼1

Xmk�1

j¼0
cð jÞðxkÞAjkðxÞ: ð2:32Þ

If all mknAN2; then we have by (2.4) and (2.2)

jjAjkjjp
1

j!
d

j�1
k jjA1kjjp8m2n2mn; jX1; 1pkpn;

which, coupled with (2.27), gives

jjAjkjjp8m2n2mn; jX0; 1pkpn: ð2:33Þ

If all mknAN1; then we have by (2.2)

jjAjkjjp
1

j!
d

j
k jjA0kjjp2mn;

which also implies (2.33).
We separate two cases when minfy1; p� yngX1=n and when minfy1; p� yng

o1=n:
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Case 1: minfy1; p� yngX1=n: In [4, p. 537] it is proved that fðtÞX1: Using this
inequality, and applying (2.31)–(2.33) and (2.22), we obtain

1pfðtÞ ¼
Xn

k¼1

Xmk�1

j¼0
cð jÞðxkÞAjkðxÞ

p
Xn

k¼1

Xmk�1

j¼0

cjðrpÞ j

prðsin ykÞ j2
3p

yk � t

����
����
rþj

8m2n2mn

p
cmðrpÞm

n2mn

pr

3p
dn

� �rþmXn

k¼1

Xmk�1

j¼0

1

ðsin ykÞ j2

p
cmðrpÞm

nðm�1Þ2þ3mn

pr

3p
dn

� �rþm

:

Since the inequality pX3 implies that p � 1X2p=3;by (2.30) we get rpp3n:Using this
inequality and observing that dnXp=½2ðn þ 1Þ
; we get

1pcmnm2þ4mn

3p
pdn

� �r

and hence

dnp
3p
p
½cmnm2þ4mn
1=r: ð2:34Þ

Now choose

r ¼ 2 1
2
lnðnm2þ4mnÞ

� �

and

p ¼ 1þ 2 n � 1
r

� �
;

which obviously satisfy condition (2.30). From these definitions we can obtain
estimations

rplnðnm2þ4mnÞ ð2:35Þ
and

rX2
1

2
lnðnm2þ4mnÞ � 1


 �
X
1

2
lnðnm2þ4mnÞ; ð2:36Þ

because mX2; nX2; and mnX1; meanwhile, by (2.29) and (2.35)

pX1þ 2 n � 1
r

� 1
� �

¼ 2ðn � 1Þ � r

r
X

n

lnðnm2þ4mnÞ
: ð2:37Þ

Inserting estimations (2.36) and (2.37) into (2.34) we see

dnp
3p lnðnm2þ4mnÞ

n
fcmnm2þ4mng2=lnðn

m2þ4mnÞ: ð2:38Þ
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It is clear that for x40 and xa1

x1=ln x ¼ elnðx
1=ln xÞ ¼ e:

Using this identity inequality (2.38) becomes

dnp
3p lnðnm2þ4mnÞe2

n
c2=lnðn

m2þ4mnÞ
m p

c lnðnmnÞ
n

: ð2:39Þ

Case 2: minfy1;p� yngo1=n: In this case let us consider the Hermite interpolation
based on the system of nodes (2.6) with

a ¼ n2

n2 þ 1: ð2:40Þ

By (2.10)

jjH�
nmjjp

n2 þ 1
n2

þ 2n þ 1
n2

� �n

mnp 1þ 3
n

� �n

mnpcmn: ð2:41Þ

By means of (2.6) we see that

aXa cos y1 ¼ cos y�1 ¼ 1� 2 sin2
y�1
2
X1� ðy�1Þ

2

2

and hence according to (2.40)

y�1X½2ð1� aÞ
1=2X1
n
: ð2:42Þ

Similarly, we can conclude that

p� y�nX
1

n
: ð2:43Þ

Then we can apply the conclusion of Case 1 to the Hermite interpolation based on
the system of nodes (2.6) with (2.40) to obtain (using (2.41))

y�kþ1;n � y�k;np
c lnðnmnÞ

n
; k ¼ 0; 1;y; n; n ¼ 2; 3;y :

To prove (2.28) it remains to estimate the difference yk � y�k:From (2.6) and (2.40) it
follows that

sin
yk þ y�k
2

sin
yk � y�k
2

����
���� ¼ 12 j cos yk � cos y�kj ¼

1

2
j cos yk � a cos ykj

¼ 1
2
ð1� aÞj cos ykjp

1

2
ð1� aÞ ¼ 1

2ðn2 þ 1Þ: ð2:44Þ

Meanwhile, by virtue of (2.42) and (2.43) we have

sin
yk þ y�k
2

X
2

p
min

yk þ y�k
2

; p� yk þ y�k
2


 �

X
2

p
min

y�k
2
;
p� y�k
2


 �
X
1

pn
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and

sin
yk � y�k
2

����
����Xjyk � y�kj

p
;

which, coupled with (2.44), yield

jyk � y�kjp
p2n

2ðn2 þ 1Þp
p2

2n
:

At last, we conclude

ykþ1 � ykp y�kþ1 � y�k þ jy�kþ1 � ykþ1j þ jy�k � ykj

p
c lnðnmnÞ

n
þ p2

n
p

c lnðnmnÞ
n

:

This completes the proof supposing (2.29). When condition (2.29) does not hold, the
statement is obvious. &

Lemma 8. If relation (1.5) is true then

ykþ1;n � yknX
c

n
; k ¼ 1; 2;y; n � 1; n ¼ 2; 3;y : ð2:45Þ

Proof. The proof follows the line given by Erd +os and Turán [3, p. 718] and [4]. By
Rolle theorem and Bernstein inequality

1

jykþ1 � ykj
¼ A0kðcos ykÞ � A0kðcos ykþ1Þ

yk � ykþ1

����
���� ¼ d½A0kðcos yÞ


dy

����
����
y¼y0

pcðmn � 1Þ;

which is equivalent to (2.45). &

3. Proof of theorem

It suffices to show the sufficiency according to Banach–Steinhaus theorem. To this
end again applying Banach–Steinhaus theorem it is enough to show that (1.4) holds
for every polynomial.
Assume that P is an arbitrary polynomial. Let N be so large that PAPN : Then

PðxÞ ¼
Xn

k¼1

Xmk�1

j¼0
Pð jÞðxkÞAjkðxÞ
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and hence

RnmðP;xÞ :¼ jHnmðP; xÞ � PðxÞj ¼
Xn

k¼1

Xmk�1

j¼1
Pð jÞðxkÞAjkðxÞ

�����
�����

¼
Xn

k¼1

Xm�1

j¼1
Pð jÞðxkÞAjkðxÞ

�����
�����p
Xm�1

j¼1

Xn

k¼1
Pð jÞðxkÞAjkðxÞ

�����
����� :¼

Xm�1

j¼1
Sj:

ð3:1Þ

(Here we agree that Ajk 
 0 for jXmk:) To estimate Sj we separate three cases when

j ¼ 1; j ¼ 2; and jX3 (if m ¼ 2 then only the first case can occur).
First, by the same argument as that of [5, Theorem 4.1, p. 73, 74] we can get the

estimations

S1p3jjPjj�rnmðxÞ ð3:2Þ

and

S2pcjjPjj�rnmðxÞ; ð3:3Þ

where

jjPjj� :¼ max
0pjpm�1

jjPð jÞjj

and

rnmðxÞ :¼ Rnmð f1; xÞ þ Rnmð f2; xÞ:

Next, to estimate Sj ð jX3Þ we need some preliminaries. Relation (4.12) in [5] states
that Xn

k¼1
ðx � xkÞ2A0kðxÞp2rnmðxÞ;

which, together with (2.5), givesXn

k¼1
ðx � xkÞA1kðxÞp2rnmðxÞ: ð3:4Þ

Using this estimate and applying Lemma B, we obtain estimates

jjA1kjjp
8mnjjrnmjj
sin yk

ðsin yka0Þ; k ¼ 1; 2;y; n; ð3:5Þ

and

jjA1kjjp4m2n2jjrnmjj; k ¼ 1; 2;y; n: ð3:6Þ

Now for the estimate of Sj ð jX3Þ we use (2.2) and (3.4) to get that for a fixed x;

Sjp jjPð jÞjj
Xn

k¼1
jAjkðxÞjpjjPð jÞjj

Xn

k¼1
d

j�1
k jA1kðxÞjpcjjPð jÞjj

Xn

k¼1
d2k jA1kðxÞj

¼ cjjPð jÞjj
X

jxk�xjXd2
k

d2k jA1kðxÞj þ
X

jxk�xjod2
k

d2k jA1kðxÞj

2
4

3
5
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p cjjPð jÞjj
X

jxk�xjXd2
k

ðx � xkÞA1kðxÞ þ
X

jxk�xjod2
k

d2k jA1kðxÞj

2
4

3
5

p cjjPð jÞjj jjrnmjj þ
X

jxk�xjod2
k

d2k jA1kðxÞj

2
4

3
5: ð3:7Þ

Here we have to estimate the term d2k jA1kðxÞj: By (1.5) and (2.28),
jxk � xkþ1j ¼ jcos yk � cos ykþ1jpðykþ1 � ykÞðsin yk þ ykþ1 � ykÞ

p c
ln n

n
sin yk þ

ln n

n

� �
;

similarly,

jxk � xk�1j ¼ j cos yk � cos yk�1jpðyk � yk�1Þðsin yk þ yk � yk�1Þ

p c
ln n

n
sin yk þ

ln n

n

� �
:

Thus

dkpc
ln n

n
sin yk þ

ln n

n

� �
; k ¼ 1; 2;y; n: ð3:8Þ

We distinguish two cases.
Case 1: sin ykXðln nÞ=n: In this case by (3.5) and (3.8)

d2k jA1kðxÞjp c
ln n

n

� �2
sin yk þ

ln n

n

� �2
8mnjjrnmjj
sin yk

p c
ln n

n

� �2
ð2sin ykÞ2

8mnjjrnmjj
sin yk

p c
ðln nÞ2jjrnmjj

n
:

Case 2: sin ykoðln nÞ=n: In this case by (3.6) and (3.8)

d2k jA1kðxÞjp c
ln n

n

� �2
sin yk þ

ln n

n

� �2
4m2n2jjrnmjj

p c
ln n

n

� �2
2
ln n

n

� �2
4m2n2jjrnmjj

p c
ðln nÞ4jjrnmjj

n2

p c
ðln nÞ2jjrnmjj

n
:

ARTICLE IN PRESS
Y. Guang Shi / Journal of Approximation Theory 123 (2003) 173–187186



Thus in both cases

d2k jA1kðxÞjpc
ðln nÞ2jjrnmjj

n
: ð3:9Þ

It remains to estimate Kn :¼ cardfk: jxk � xjpd2kg: Assume without loss of

generality that ykpp=2; 1pkpn � 1: By (2.25) and (2.45)
jxk � xkþ1j ¼ jcos yk � cos ykþ1j ¼ j2 sin½ðyk þ ykþ1Þ=2
sin½ðyk � ykþ1Þ=2
j

X cjðyk þ ykþ1Þðyk � ykþ1ÞjXcðyk � ykþ1Þ2Xc=n2: ð3:10Þ
Since (3.8) implies dkpcðln nÞ=n; we can conclude that

Knpcðln nÞ2: ð3:11Þ
Then by (3.9) and (3.11)X

jxk�xjpd2
k

d2k jA1kðxÞjpc
ðln nÞ4jjrnmjj

n
pcjjrnmjj: ð3:12Þ

By (3.1)–(3.3), (3.7), and (3.12) we obtain

jjRnmðPÞjjpcjjPjj�jjrnmjj: ð3:13Þ
Therefore,

lim
n-N

jjRnmðPÞjj ¼ 0:

This completes the proof.
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